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1. Introduction 

It was argued in a recent article |1| that the study of entanglement through twin 
observables, or shortly twins, is important for quantum communication and quantum 
information theories because it reveals very basic properties. Twin observables are 
opposite-subsystem observables such that the (subsystem) measurement of one of 
them amounts to a measurement also of the other. Equivalently put, the subsystem 
measurement of a twin gives rise, on account of entanglement, to an orthogonal state 
decomposition of the state of the opposite subsystem. 

When a general, i. e., mixed or pure, composite-system state (statistical operator) 
Pi2 is given, twins {Ai, A2) are algebraically defined as Hermitian (opposite subsystem) 
operators satisfying 

A1P12 = A2P12, (1) 

where Ai is actually Ai ® I2, h being the identity operator for the second subsystem, 
etc. It was shown fTJ that (1) implies 

[Aupi] = 0, [A2,P2]=0, (2a, 6) 

where pi = TT2P12 and p2 (defined symmetrically) are the subsystem states (the reduced 
statistical operators). The symbols Trj, i = 1,2, denote the partial traces. Further, the 
so-called detectable parts A[ of the twins, the restrictions of A^ to the ranges TZipi), 
i = 1,2, have equal and necessarily purely discrete spectra (but with possibly different 
multiplicities of the characteristic values except in the pure-state case). Further, the 
characteristic events (projectors) corresponding to the same characteristic value are 
twins. 

Let (Pi,P2) be a pair of nontrivial twin events (twin projectors) for pi2. Then we 
can decompose the statistical operator: 

P12 = -P1P12 + P^Pu, (3) 

where is the orthocomplementary projector of Pi. In general, the terms on the RHS 
are not even Hermitian. First, we are going to investigate the more important case when 
(3) is a mixture of states. 

2. Strong twin projectors and biorthogonal mixtures 

Let {Pi,P2) be a pair of nontrivial twin projectors for a composite-system statistical 
operator pi2. 

Remark. Evidently, either both terms on the RHS of (3) are Hermitian or none of them. 
They are Hermitian if and only if the projector Pi (or equivalently, P^) commutes with 

Pl2- 

[P^,P12]=0, 1 = 1,2, (4) 
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(any one of the equalities implies the other), as seen by adjoining the terms in (3). 

Hermiticity of the terms in (3) implies that they are statistical operators (up to 
normalization constants), i. e., that (3) is a mixture. Namely, if (4) is valid, then 
idempotency leads to PiPi2 = P1P12P1, which is evidently a positive operator. Since 

TrPipi2Pi < Trp,2 = 1, 

the operator has a finite trace. 

Definition 1. We call nontrivial twin events (projectors) either strong twin events (pro- 
jectors), if they satisfy (4), or weak twin events (projectors) if (4) is not satisfied. 

A strong twin event Pi implies a mixture (3) of states that have a strong property 
called biorthogonality. To understand it, we first remind of (ordinary) orthogonality of 
states. 

If p' and p" arc statistical operators with Q' and Q" as their respective range 
projectors, then one has the known equivalences: 

p'/^o <^ g'Q" = o ^ n{p')^n{p"), (5) 

where the last relation expresses orthogonality of the ranges. 

Any of the three relations in (5) defines orthogonality of states. 

Definition 2. If 

pi2^wp\2 + {)--w)p'[2, < -u; < 1, (6) 
is a mixture of states such that 

p^p^-O, z = l,2, (7) 

where p'^ = Tr2p'i2 etc. are the reduced statistical operators, then we say that (6) is a 
biorthogonal mixture. 

To prove a close connection between strong twin events and biorthogonal mixtures, 
we need another known general property of composite-system statistical operators pi2: 

Pl2 = QlPl2 = P12Q1 = (52P12 = P12Q2, (8) 

where Qi is the range projector of the corresponding reduced statistical operator pj, 
i = 1,2. 

Theorem 1. If Pi is a nontrivial twin event, (3) is a biorthogonal mixture if and only if 
Pi is a strong twin event. 

Proof. Sufficiency. If Pi is a strong twin projector and (6) is obtained by rewriting 
(3), then wp'12 = Pipi2 is valid, and this implies p'l = Pip'i for the reduced statistical 
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operator, and, adjoining this, one arrives at p'^ = p'lPi- On the other hand, one has 
analogously p'/g = P1P12 implying p'^ = P^p[. Finally, 

p'iPi = (p'iA)(AVi') = 0. 

The symmetrical argument holds for the second tensor factor. 

Necessity. If (6) is a biorthogonal mixture, then we define Pj = Q[, i = 1,2, i. e., 
we take the range projectors of the reduced statistical operators of p'12 as candidates for 
our twin projectors. On account of (8), we can write (6) as follows: 

P12 = wQ[Q',p[,Q[Q', + (1 - w)q';q'^p';,q';q'^. 

Since in view of (5) biorthogonality (7) implies Q'iQ" = 0, i = 1, 2, it is now obvious 
that Pi and P2, multiplying from the left pu, give one and the same operator, i. e., that 
they are twins, and it is also obvious that they both give the same irrespectively if they 
multiply P12 from the left or from the right, i. e., that they are strong twin projectors. 

□ 

In view of (5), it is clear that biorthogonal decomposition of a statistical operator 
can be, in principle, continued: If, e. g., p'12 in a biorthogonal decomposition (6) is, in 
its turn, decomposed into biorthogonal statistical operators and replaced in (6), then 
any two of the new terms are biorthogonal etc. 

An extreme case of a biorthogonal mixture is a separable one: 

Pu = E^k{p['^®P?), (9) 

k 

where 

yk: Wk> 0, pf') > 0, Trpf') = 1,^ = 1,2; ^ = 1 

k 

("p > 0" denotes positivity of the operator). This decomposition cannot, of course, 
always be carried out, but examples are well known. For instance, if one performs ideal 
measurement of the z-component of spin of the first particle in a singlet two-particle 
state, one ends up with 

Pl2 = {l/2)[\z+)i{z+\i®\z-)2{z-\2 + \z-)i{z-\i(»\z+)2{z+\2). 

This is obviously a biorthogonal separable mixture. 

One wonders if, at the price of relaxing the requirement of statistical-operator terms 
as slightly as possible, there could exist a general decomposition into uncorrelated terms 
(like in (9)). 

To find an affirmative answer, we take resort to the known case of general (entangled 
or disentangled) composite-system state vectors and their Schmidt canonical expansions. 
Let us sum up the relevant information on this 0. 

The Schmidt canonical expansion (also called Schmidt biorthogonal expansion) of 
an arbitrary pure state vector | $)i2 of a composite system is expressed in terms of its 
canonical entities. They are the following: 
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(i) The reduced statistical operators (subsystem states) pi y = Tr2 |$) 12(^1 12 j and 
P2 (defined symmetrically) are well known. 

(ii) The spectral forms of the reduced statistical operators are 

Pi ^"^Ti P2^'^ri\i)2{i\2, Vi : n > 0. (10a, 6) 

i i 

(Note that the positive spectra -multiplicities included - are always equal.) 

(iii) Finally, the mentioned expansion utilizes the (antiunitary ) correlation operator 
Ua, which maps the range TZ{pi) onto the range TZ{p2)- (Note that they are always 
equally dimensional in the pure state case). The correlation operator is determined by 
|$)i2, and, in turn, in conjunction with pi, it determines |$)i2- 

The Schmidt canonical expansion reads: 

\^U^Y.n'"\ih®{Ua\i)i)^. (11) 

i 

The normalized characteristic vectors \i)2 in (10b) may (and need not) be chosen to be 
equal to {Ua 1^)1)2- 

3. Hermitian Schmidt canonical expansion of statistical operators 

It is well known that linear Hilbert-Schmidt operators A, i. e., those with a finite 
Hilbert-Schmidt norm , form a Hilbert space in their turn. Writing the 

operator >1 as a (Hilbert-Schmidt) supervector \A), the scalar product is 

{A\\B)= Tr^^S. 

Since for every statistical operator p, one has Trp^ < 1, it is a Hilbert-Schmidt 
operator. Therefore, every statistical operator has a Schmidt canonical expansion. 

The trouble is that the operators that take the place of the statistical operators 
pf^\ i = 1,2 in (9) are, in general, linear operators. This might be a too wide 
generalization. One wonders if one could be confined to Hermitian operators. 

When we view the operators as supervectors, then we must view adjoining of 
operators as an antiunitary operator the square of which is the identity operator, i. e., 
which is an involution. Hence, we denote adjoining by y/"^ (8)1^2^"^ for a composite system. 
Hermitian are the operators that are invariant under the action of this antiunitary 
involution. 

Fortunately, the Schmidt canonical expansion can always be expressed in terms of 
Hermitian operators. We put this in a more precise and a more detailed way. But it is 
simpler to return to the Hilbert space of state vectors. 

Theorem 2. Let V^;"^ ^¥2""^ be a given antiunitary involution acting on composite-system 
state vectors. One has the equivalence: 

(V/") ® Vi""^) I $)i2 =1 $)l2 ^ [a, =0, 1=1,2; Vi'^^UaVi''^ = Ua, (12) 
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where p,, Ua are the above mentioned canonical entities of | $)i2- (Note that in the last 
relation we, actually, have the restriction of v}""^ to TZ{pi).) 

Proof. Let |$)i2 be invariant under the action of the antiunitary involution. Then 
Tr2(r/'^^ |$)i2(<J>|i2 V^/"^) = Tr2[r/'^)(V/'^) ® V^"^) |$)i2($|i2 (^/'^^ ® V^''^)v^''^' = 

TT2{vt^ |$)l2($|l2^^"^) =Tr2 |$)l2($|l2=Pl, 

and symmetrically for p2- One has to note that an antiunitary involution equals its 
inverse and its adjoint. Further, use has been made of some known basic properties of 
partial traces (which are analogous to the well known ones for ordinary traces). 

Commutation of pi with Vi'^^ allows one to choose the characteristic basis : Vi} 
of the former spanning its range consisting of vectors invariant under the action of V}"''' 
(cf i). 

Now, let us take the Schmidt canonical expansion (11) in terms of an invariant 
basis. Then 



Since | $)i2 was assumed to be invariant, we have also 

i 

The second tensor factor in each term is uniquely determined by the LHS and the 
corresponding first tensor factor (as a partial scalar product, cf [§]). Comparison with 
(11) then shows that 

Vz: Vt^Ua\l)l = Ua\l)l. 

Since = V^/"^ we further have 
as claimed. 

Conversely, if the main canonical entities are in the relation to the antiunitary in- 
volutions as stated in (12), then we can expand | $)i2 in a characteristic basis of pi 
spanning its range that is invariant under the antilinear operator. Then (11) immedi- 
ately reveals that, as a consequence, | $)i2 is invariant under V^/"^ ¥2°''^ . □ 

Corollary 1. Every composite-system statistical operator pi2 has a Hermitian Schmidt 
canonical expansion. 

Proof. Since every pi2, being Hermitian, is invariant under the antiunitary involution 
V^i"^ ^ Theorem 2 immediately implies that pi2, upon super vector normalization. 
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has a Schmidt canonical expansion in terms of Hermitian operators. □ 

Returning to a biorthogonal mixture, one wonders if one can continue such a 
decomposition by writing each term in a Hermitian Schmidt canonical expansion in 
order to obtain the latter expansion for the entire statistical operator. The answer is 
affirmative on account of the following result. 

Going back to (5), we add a fourth equivalent property. 

Proposition 1. Two statistical operators p' and p" are orthogonal if and only if they 
are orthogonal as Hilbert- Schmidt supervectors. 

Proof. It is obvious that orthogonality (in the sense of (5)) implies Hilbert-Schmidt 
orthogonality. To see the converse implication, we make use of the fact that every 
statistical operator has a purely discrete spectrum , and we decompose the statistical 
operators in terms of characteristic vectors corresponding to positive characteristic 
values: 

(P 1 1 P") = T^'^p'p" = Tr ^ rfc I /c) (/;; I ^ fj \j){j\ = 

k j 

J2J2^kfj\{j\\k)\^. 

k j 

Hence, 

(p'||p") = o ^ pV' = o 

(cf the third relation in (5)). □ 

If (^1,^2) is a pair of twin observables, then, as it was stated (cf also the 
detectable parts A[, i = 1,2, have a common purely discrete spectrum {a„ : Vn} 
(with, in general, different multiplicities), and the corresponding characteristic projec- 
tors {P/"^ : i = 1,2 Vn}, are also pairs of twins. 

Definition 3. If a// mentioned characteristic projector pairs {Pi"'\ P2'^^) are strong twin 
projectors, then (741,^42) is a pair of strong twin observables. If some of the detectable 
characteristic twin projectors are strong and some weak, we say that we have partially 
strong (or, synonymously, partially weak) twin observables. If all the mentioned twin 
projectors are weak, then we have a weak pair of twin observables. 

Evidently, a pair (741,^42) of nontrivial twin observables for pi2 is a pair of strong 
ones if and only if 

[^i,Pi2] = 0, t = l,2 (13) 

is valid. This is so because commutation with all characteristic projectors is equivalent 
to commutation with the Hermitian operator itself. 
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Strong twin observables, by means of their strong characteristic twin projectors, 
lead to a generahzation of (3): 

Pl2 = EA^"Vl2 = E«^npS\ (14a) 
n n 

where 

Vn: w^ = Tr:puPi''\ p^^ = (w^)-' Pi""^ pu: (146) 

and any two terms in (14a) are biorthogonal. (Note that we utilize the entire charac- 
teristic projectors, which are the orthogonal sums p|") = (PlY^) © {P{')(^) parallelling 
Hi = 7^(pl) e n^(pi) because (PiY^'^pu = Pi""^ Pu-) 



Proposition 2. If 



Pi = ^^2p\2 , 



and symmetrically for p2^\ are the reduced statistical operators of the terms in the 
biorthogonal mixture (14a), then 

i^^"V;"^=pf^ ^ = 1,2, (15a) 

or equivalently, 

7^(phc7^(i^(")), i = l,2. (156) 

Proof. On account of the definition of (14a), one has Pi"'^ Pi2 — P12 ■ Taking the 

opposite-subsystem partial trace, one obtains P-^^Vl"^ = i = 1, 2. □ 



Corollary 2. If the detectable part A'^ of a twin observable Ai has a nondegenerate 
characteristic value a„ corresponding to a strong characteristic twin projector 
(^p^yn) _| ^(")^^(^^(") I T^W^-,^ g TZ{pi), then the term in the biorthogonal mixture 
(14a) that corresponds to it has the form 

Wn\^^%{^^^^U^P^^\ (16) 

where p2"^ is a (second-subsystem) state and (16) is a term in a final Hermitian Schmidt 
canonical expansion of pi2- 



Any biorthogonal decomposition of a composite-system statistical operator pi2 (into 
two or more terms) can be continued in each term separately into a Schmidt canonical 
expansion of pi2 in terms of Hermitian operators. 

The biorthogonal decomposition is an intermediate step. This is similar to the case 
when we can partially diagonalize the Hamiltonian of a quantum system (due to some 
symmetry e. g.). The diagonalization is then continued separately with each submatrix 
on the diagonal of the Hamiltonian. 

The continuation from a biorthogonal mixture to a Hermitian Schmidt canonical 
expansion can always be performed, in principle, "by brute force": diagonalizing the 
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reduced statistical superoperator pi of the normalized supervector | P12) (analogously 
as it is done for an ordinary state vector), and by finding an invariant basis for Vi""^ in 
each characteristic subspace thus obtained 

The Hermitian Schmidt canonical expansion of a composite-system statistical 
operator will, hopefully, find numerous applications in quantum communication and 
information theory because it lies at the basis of entanglement. One of the applications 
is evaluating all the twin observables. This is illustrated elsewhere p. 

4. Weak twins and nonhermitian Schmidt canonical expansion 

For the sake of completeness it is desirable to investigate decomposition (3) also for 
a weak nontrivial twin projector Pi. First, we take an analytical view of Theorem 1 
to realize that the biorthogonality of the two terms in (3) is connected with the twin 
property (strong or weak), and the strong twin property corresponds to the hermiticity 
of the terms. Let us put this more precisely. 

Definition 4- A decomposition 

P12 = A.12 + B12 

of a composite-system statistical operator pi2 into two linear operators is biorthogonal 
if there exist two opposite-subsystem projectors (Pi,P2) such that 

Au = PiAu = P2AU, = PiBi2 = P2B12; 

= P.^Au = P2A12. Bu = PiBi2 = P2B12. 

It is clear from Theorem 1 that any birthogonal mixture (of states) (6) satisfies 
the generalized definition of biorthogonality given in Definition 4. Having in mind (3), 
it is also evident that biorthogonality is equivalent to the existence of a pair of twin 
projectors (weak or strong). Finally, the strongness property of the twins is equivalent 
to the hermiticity of the terms in (3), which results in having statistical operator terms 
(and a mixture). 

Theorem 3. If (Pi, P2) is a pair of weak twin projectors for a composite-system statistical 
operator pu, then the terms in (3) are super vectors, and replacing each by a (nonher- 
mitian) Schmidt canonical expansion, one obtains an expansion of the same kind for the 
entire statistical operator. 

Proof. Since in 

1 > Trpi2 = Trpi2PiPi2 + Trpi2Pi^pi2 

the terms are nonnegative (as traces of positive operators), the terms in (3) are Hilbert- 
Schmidt operators, i. e., super vectors. Suppose we have expanded the first term in (3) 
in the Schmidt canonical way: 
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where c is a normalization constant (because the statistical operator is not a super state 
vector unless it is a pure state). Since the LHS is invariant under Pi, so is each first- 
subsystem linear operator A^^ '' , because the second factors in the expansion have unique 
corresponding first factors. If we expand also the second term in (3) in the Schmidt 
canonical way 



D 



2 ) 



then, analogously, invariance of each factor Cp^ under follows. This results in super 
vector orthogonality: 



0. 



The symmetrical argument goes for the second factors and P2. Thus, replacing both 
terms in (3) by their nonhermitian Schmidt canonical expansions, we have biorthogonal- 
ity between any term of the first expansion and any term of the second one. Therefore, 
we have an expansion of the same kind for pi2. □ 



It is now clear that also in the case of weak twin projectors the decomposition (3) 
can be continued, but this time to a nonhermitian Schmidt canonical expansion. 

As it was stated, I expect that Hermitian Schmidt canonical expansion of composite- 
system statistical operators, and biorthogonal mixtures that lead to it, will soon find 
important application in quantum communication and quantum information theory. 
But, maybe, also the nonhermitian version will be useful. 

After all, a nonhermitian expansion need not be wild and far fetched from the 
physical point of view. Let me illustrate this by the obvious fact that a Schmidt canonical 
expansion of a state vector | <l>)i2 

|$)i2 = En'^' N)i N)2, VzT^z': (^U^')p = 0, p = 1,2 

i 

immediately results in a nonhermitian Schmidt canonical expansion of the statistical 
operator |$)i2(^|i2: 

I$)i2($|i2= EE^'V ® IM^'U . 

i i' 

Finally, let us return to separable mixtures. 



5. Nontrivial twin projectors for separable mixtures 

Let (9) be a general separable mixture. Let us clarify under what conditions it has 
nontrivial twin events. 



Theorem 4- A general separable mixture (9) has a nontrivial twin projector Pi if and 
only if the set of all values of the index "k" is the union of two nonoverlapping subsets. 
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say, consisting of "A;"' values and of "A;"" values respectively, and, when (9) is rewritten 
accordingly: 

Pi2 = l^Wk'Pi ' ® p\ ' + 2^Wk"p\ ' (8) p2 , (17a) 

k' k" 

then one has biorthogonality between the two groups of terms: 

W,W: pPpP = 0, t = l,2. (176) 
Before we prove the theorem, we first prove subsidiary results. 

Lemma 1. Let 



(m) 



112 



be an arbitrary pure-state mixture. Then, a pair of subsystem observables (Ai, A2) are 
twins for pi2 if and only if they are twins for all pure term-states. 

Proof. Necessity follows from the general result that all twins of pu are also twins of all 
state vectors from the topological closure '^(pi2) of the range of pu (cf section 3, CI in 
|1[]). As well known, the vectors {| ^I^^'"'*)i2 : Vm} span the mentioned subspace. 

Sufficiency is obvious. □ 

Lemma 2. Let 

P12 = 2^ Wkp\2 
k 

be an arbitrary mixture. The pair (y4i,y42) are twin observables for pi2 if and only if 

(k) 

they are twin observables for a// term states p\2 . 

Proof is immediately obtained from Lemma 1 if one rewrites each term state as a pure- 
state mixture. □ 

Lemma 3. An uncorrelated state pi ® p2 has only trivial twins. 

Proof is an immediate consequence of the fact that the tensor factors of a nonzero 
uncorrelated vector, say a ® 6, are unique up to an arbitrary nonzero complex number 
a, but if a is replaced by aa, b must be replaced by {l/a)b. 
Applying this to supervectors in case of twins, we have 

^iPl ® P2 = Pi ® ^2P2, 

if Aipi = api, then p2 = (1/'^)^2P2- D 



Proof of Theorem 3 now immediately follows from Lemma 2 and Lemma 3. Namely, 
the two groups of terms stated in the Theorem, make up the two terms in (3). □ 
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Corollary 3. Nontrivial twin events of a separable mixture (9) are necessarily strong 
twin events. 



Proof is obvious if one applies Lemmas 2 and 3 and if adjoining is made use of. □ 

Corollary 4- If (^i, ^2) are nontrivial twin observables for a separable mixture (9), they 
are strong twin observables (cf Definition 3), and the mixture terms can be grouped into 
as many biorthogonal groups of terms as there are distinct characteristic values of Ai 
in lZ{pi) (generalization of (17a,b)). 

It is known that if a statistical operator and a Hermitian operator commute, then 
the corresponding state can be written as a mixture so that each term-state has a definite 
value of the corresponding observable p. But, for the same statistical operator, there 
are also mixtures violating this. 

To take an example, let us think of an unpolarized mixture of spin-one-half states: 
p = (1/2) J (in the two-dimensional spin factor space). This statistical operator 
commutes with Sz, nevertheless one can write down the mixture 

p = (1/2) ( I X, +) (x, + I + I X, -) (x, - I ) = (1/2)/, 

in which the term-states do not have a definite value of the z-component. 

It is interesting that in the case of a separable mixture with a nontrivial twin ob- 
servable it is necessarily its term-states that that have the sharp detectable values of 
the corresponding observable. 
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